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Abstract: In view of Ehlers-Pirani-Schild formalism, since 1972 Weyl geometries should be considered to
be the most appropriate and complete framework to represent (relativistic) gravitational fields. We shall
here show that in any given Lorentzian spacetime (M, g) that admits global timelike vector fields any such
vector field u determines an essentially unique Weyl geometry ([g],Γ) such that u is Γ-geodesic (i.e. parallel
with respect to Γ).
1. Introduction
We shall here present a result in Geometry which is motivated and finds important applications
in relativistic theories of gravitation. Let us recall first that in the early ’70s Ehlers, Pirani
and Schild (EPS) proposed (see [1]) a set of axioms to fully determine the geometric struc-
ture of a spacetime M able to describe the fundamental physical properties of any reasonable
gravitational field, starting from the worldlines of free falling particles and lightrays; see also
[2].
They showed that few reasonable and physically well-founded axioms uniquely determine a
conformal structure (i.e. a class of conformally equivalent Lorentzian metrics) and a projective
structure (i.e. a class of projectively equivalent torsionless connections) in M . The conformal
structure G = [g] is uniquely characterized by the distribution of lightcones (which in fact are
conformally invariant) while the projective structure P = [Γ] is uniquely defined by the geodesic
trajectories in spacetime; see [3].
The conformal structure divides vectors into [g]-timelike, [g]-lightlike and [g]-spacelike vectors.
Let us stress that this characterization just depends on the conformal class and it is independent
of the choice of a representative. Analogously, the projective structure P is associated to
geodesic trajectories which are also called [Γ]-geodesics or simply Γ-geodesics. Of course also a
metric structure g determines a connection (and a projective structure) through its Levi-Civita
connection; the geodesic trajectories determined by the Levi-Civita connection are also called
g-geodesics.
The conformal and projective structures have to be compatible in the sense that [g]-lightlike
Γ-geodesics are also g-geodesics.
We shall define a pair ([g], [Γ]) of compatible conformal and projective structures in M to be
an EPS structure on spacetime M . A Weyl geometry is a pair ([g],Γ) formed by a conformal
structure [g] and a single torsionless connection Γ in the class P chosen so that there exists a
covector A such that
Γ
∇g = 2A⊗ g (1.1)
Ehlers, Pirani and Schild showed that an EPS structure uniquely determines a Weyl geometry.
Locally this amounts to fix the connection as follows
Γαβµ = {g}
α
βµ +
(
gαǫgβµ − 2δ
α
(βδ
ǫ
µ)
)
Aǫ (1.2)
where {g}αβµ are the Christoffel symbols of g in any given chart.
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The effects of the gravitational field in this framework are described by two objects. The
propagation of lightrays is governed by the conformal structure while the motion of (massive)
particles is governed by the connection Γ. In a sense, the gravitational field is a mix of these
two objects. One has therefore more kinematical freedom in fitting observational data relying
on the extra degrees of freedom contained in the covector A.
Since the time of EPS paper [1] and especially since late ’90s (when cosmological dynamics
has been shown to present an unexpected acceleration) a plethora of modified models of the
Universe has been proposed to explain these observations. In some cases modified models
resort to adding matter sources to the gravitational field; this approach leads to argue that
about 95% of gravitational sources in our Universe are unknown (or better they are known
only through their observed gravitational effects – which are the reason that requires their
introduction). Morever, most of these unknown components (about 70%) have quite peculiar
properties (namely this part produces a negative pressure and it is known as dark energy).
Another approach leads instead to modify dynamics of the gravitational field in order to
account for observations without resorting to dark sources. A class of examples of such modified
models is formed by so-called f(R)-models where the Lagrangian assumed to described gravity
is any (non–linear) function of the scalar curvature of a spacetime (M, g,Γ); see [4],[5], [6], [7],
[8], [9]. It has been shown that f(R)-models (in their metric-affine formulation) naturally lead
to an EPS setting in which the gravitational field is in fact described by a Weyl geometry; see
[2] and [10].
After EPS a whole field of research has grown to generalize the physical interpretation of
standard General Relativity to Weyl geometries; see [11] and references quoted therein. EPS
setting has also proved to be effective in studying models with matter interacting with the
connection; [12], [13], [14], [15].
Hereafter, in Section 2 we shall show that given a conformal structure [g] over a spacetime M
then a congruence of [g]-timelike curves (which can be interpreted as a the flow of all worldlines
of a fluid) determines an essentially unique EPS–compatible connection Γ.
This provides a mechanism to determine a Weyl geometry ([g],Γ) out of potentially observable
quantities (the flow of the fluid). It also provides a tool to fully exploit the new aforementioned
degrees of freedom to disentangle Geometry from gravitational effects. The final aim of this
study is the describe a generic fluid on a fixed reference background g. In this framework the
gravitational field is encoded into the covector A, still depending on the representative g which
one is free to fix in the conformal structure.
In Section 3 we shall review what happens if another representative g˜ for the conformal struc-
ture is chosen. We shall determine how the conformal rescaling acts on all objects involved in
the formalism.
In Section 4 we shall review the main assumptions made in Section 2 where the Weyl connection
is determined by a congruence of timelike Γ-geodesics. In Section 2 it is assumed that a fluid
in a relativistic theory is described by a geodesic [g]-timelike field u together with two scalar
fields representing the pressure p and the density ρ. This issue is relevant since in presence of
pressure (i.e. with internal forces) one could expect fluid particles to move along non-geodesic
trajectories. We shall show that in some relevant cases the fluid can be nevertheless described
in terms of a geodesic field also in presence of pressure.
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2. Determining Weyl Geometry
Let us consider a conformal structure (M, [g]) and any [g]-timelike vector field u. Of course
such a generic vector field has no reason to represent a g-geodesic field. Hence in standard
GR (in which the metric structure g determines both lightrays and particle worldlines through
its Levi-Civita connection Γ = {g} that in this case plays the role of the gravitational field)
the situation is pretty rigid: once a metric structure has been fixed then relatively few curves
are allowed to represent the motion of a fluid. Only a congruence of g-timelike g-geodesics is
allowed.
We shall show hereafter that Weyl geometries are much less rigid. Once a conformal structure
has been fixed then potentially any [g]-timelike vectorfield can be used to represent a fluid. In
fact one can use the extra degrees of freedom encoded by the covector A in order to tune up
the Weyl connection Γ so that u is Γ-geodesic.
For any representative g ∈ [g] of the conformal structure one can normalize the vector field u
to be a g-unit, let it be nµ.
A Weyl connection for g is a connection Γ such that the compatibility condition (1.2) holds
true. If Γ is a Weyl connection for g it is a Weyl connection for any other metric conformal to
g.
For later convenience, by using compatibility condition (1.2) one also has
Γ
∇αgµν = 2Aαgµν
Γ
∇αg
µν = −2Aαg
µν (2.1)
We first want to show that there exists in M a Weyl connection such that the integral curves
of n are Γ-geodesics. For that to be true one should determine Γ so that
nµ
Γ
∇µn
ν = ϕnν (2.2)
holds for some scalar field ϕ.
The equation (2.2) can be expanded by using (1.2). One finds:
nµ
g
∇µn
ν + nµnλ
(
gνǫgµλ − 2δ
ν
(µδ
ǫ
λ)
)
Aǫ = ϕn
ν (2.3)
which should be solved for A.
Equation (2.3) can be recasted under the following form
Aν + 2nνAǫn
ǫ = nµ
g
∇µn
ν − ϕnν (2.4)
and contracted with nν to obtain
Aǫn
ǫ − 2Aǫn
ǫ = nµnν
g
∇µn
ν + ϕ
Aǫn
ǫ = −
(
1
2n
µ
∗
∇µ|n|
2 + ϕ
)
≡ −ϕ
(2.5)
This can be replaced back into equation (2.4) above to find finally
Aν = n
µ
g
∇µnν + ϕnν (2.6)
3
Notice how A, and hence Γ, is uniquely determined by g, n and ϕ. As a consequence there
is a family of connections for which the congruence generated by n is Γ-geodesic, one for any
parametrization of the integral curves of n (which for simplicity and physical reasons we here
assume to be complete). Notice also that if n happens to be a geodesic field for Γ = {g} then
A = 0, as expected. The covector A in fact measures the failure of n being g-geodesic.
3. Conformal Invariance
In Section 2 we started by choosing a representative g of the conformal structure. Here we
want to investigate what would have happened if we had chosen another representative g˜ = Φ2g.
First of all the Weyl connection can be expressed in terms of g˜ and another covector A˜ satisfying
(1.2) for (g˜,Γ) as well. In fact,
Γαµν = {g˜}
α
µν +
(
g˜αǫg˜µν − 2δ
α
(µδ
ǫ
ν)
)
A˜ǫ = {g}
α
µν +
(
gαǫgµν − 2δ
α
(µδ
ǫ
ν)
)(
A˜ǫ − ∂ǫ lnΦ
)
(3.1)
Hence we see that the covector (1.2) in transforms as follows
A˜ := A+ d lnΦ (3.2)
Also the unit vector n is affected by the conformal transformation. If n is the g-unit, when
another conformal representative g˜ is selected one has
n˜λ = 1Φn
λ (3.3)
Analogously, for its covariant version one has
n˜α = g˜αβn˜
β = Φ2gαβ
1
Φn
β = Φnα (3.4)
The geodesic equation (2.2) is also affected by the conformal transformation
n˜µ
Γ
∇µn˜
ν = 1Φ2n
µ
Γ
∇µn
ν + 1Φn
µ
∗
∇µ
1
Φn
ν = 1Φ
(
ϕ− nµ
∗
∇µ lnΦ
)
n˜ν = ϕ˜n˜ν (3.5)
where we set ϕ˜ := 1Φ
(
ϕ− nµ
∗
∇µ lnΦ
)
. Here we denote by
∗
∇µ the covariant derivative when it
happens to be independent of the connection, i.e.
∗
∇µ = ∂µ.
In other words one recovers the conformal invariance by normalizing the vector field and
rescaling the metric and the scalar factor accordingly.
Also equation (2.3) is preserved by the conformal transformation. If one started from a con-
formally equivalent framework, then the equation
n˜µ
g˜
∇µn˜
ν + n˜µn˜λ
(
g˜νǫg˜µλ − 2δ
ν
(µδ
ǫ
λ)
)
A˜ǫ = ϕ˜n˜
ν (3.6)
would be obtained and shown to be equivalent to (2.3).
Finally, the connection determined by the congruence given by equation (2.6) is independent
of the conformal rescaling. In fact, one has
A˜ν =n˜
µ
g˜
∇µn˜ν + ϕ˜n˜ν = n˜
µ
g
∇µn˜ν + n˜
µn˜λ
(
gλǫgνµ − 2δ
λ
(µδ
ǫ
ν)
)
∂ǫ lnΦ + ϕ˜n˜ν =
=nµ
g
∇µnν + n
µnν
∗
∇µ lnΦ + (nνn
ǫ + δǫν − n
ǫnν) ∂ǫ lnΦ +
(
ϕ− nµ
∗
∇µ lnΦ
)
nν =
=nµ
g
∇µnν + ∂ν lnΦ + ϕnν = Aν + ∂ν lnΦ
(3.7)
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which shows that the covector A˜ is exactly the covector needed to define the same connection
Γ in the conformal framework, as one can easily check by using (3.2).
4. Fluids and Geodesics
In Section 2 we determined the connection Γ so that the integral curves of the [g]-timelike vector
u are Γ-geodesics. If one assumes u to generate the flow lines of a fluid then the assumption
for them being geodesics should be motivated. Let us briefly review what happens in standard
GR (where the connection Γ is identified with the Levi-Civita connection of the metric g).
In the case of pure dust (i.e. when there is no pressure, p = 0) then there is no much doubt;
the dust particles do not interact with anything else than the gravitational field and hence they
are freely falling. In this case, the field can be shown to be geodesics as a consequence of the
conservation of the energy-momentum tensor of the fluid; see [16].
In fact, in general the energy-momentum tensor of a fluid can be written as
Tµν = pgµν + (p+ ρ)nµnν (4.1)
where ρ represents the density and p represents the pressure of the fluid. The conservation of
the energy-momentum tensor is ∇µT
µν = 0. One can take the scalar product along n to get
nρgρν∇µT
µν =∇µpn
µ − nµ∇µ(p+ ρ)− (p+ ρ)∇µn
µ + (p+ ρ)nνn
µ∇µn
ν =
=− p∇µn
µ −∇µ (ρn
µ) = 0
(4.2)
where we used the fact that n is a unit vector. This information can be plugged back into the
original conservation law and then
∇µT
µν =∇µpg
µν + (∇µpn
µ − p∇µn
µ + p∇µn
µ)nν + (p+ ρ)nµ∇µn
ν =
=∇µp (g
µν + nµnν) + (p+ ρ)nµ∇µn
ν = 0
(4.3)
One can easily see that if p = 0 (and ρ > 0) then the conservation of energy momentum tensor
implies
nµ∇µn
ν = 0 (4.4)
i.e. n is a geodesics field. If p 6= 0 the same cannot follow in general along the same lines.
However, one can guess that there might exist special combinations of the pressure gradient
and the metric tensor such that one still has ∇µp (g
µν + nµnν) = 0; in these cases the vector n is
geodesic even if p 6= 0. We shall see that Friedman-Robertson-Walker relativistics cosmologies
do provide one of these cases.
In Cosmology, the cosmological principle claims that the metric is homogeneous and isotropic;
see [17]. For such metrics there exists a coordinate system in which the metric tensor g is in
the form
g = −dt2 + a2(t)
(
dr2
1− kr2
+ r2
(
dθ2 + sin2 θdφ2
))
(4.5)
where the function a(t) is called the scale factor, and k = 0,±1. One should stress that this
ansatz is done before fixing any dynamics. In fact, any metric in this form is a solution of
Einstein equations if one defines the energy-momentum tensor of matter sources as
Gµν =: κTµν (4.6)
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where Gµν := Rµν −
1
2Rgµν is the Einstein tensor of g.
One can easily see that the Einstein tensor of a metric in the form (4.5) is in the form (4.1),
for a specific choice of pressure p and density ρ as a function of the scale factor a(t) (together
with its first and second derivatives) and for n := ∂t. Here the relevant point is that the vector
n appearing in the energy momentum tensor (4.1) is fixed uniquely by the metric ansatz (4.5).
Hence for any spacetime in Cosmology the metric is associated to a fluid matter source and
the fluid flow lines are generated by n = ∂t. In this case one can check directly that, even when
pressure is non-zero, the vector n is geodesic for all metrics in the form (4.5).
Hence, at least for all dust matter models and all models in Cosmology (even with pressure)
it is reasonable to assume that the flow lines of a fluid are generated by a timelike geodesic
congruence.
5. Conclusions and Perspectives
We have shown that in Weyl geometries one can select the connection Γ so that any generic
timelike congruence is Γ-geodesic. In EPS framework (and in particular in f(R) models) one
can use any [g]-timelike congruence as the flowlines of a fluid.
The connection Γ determined by a timelike congruence is conformally invariant.
This research is part of a much larger project aiming to model a generic self-gravitating fluid
in EPS formalism. One can specify the conformal structure to be the Minkowskian one by
setting g = η and still be free to model any congruence of (timelike) worldlines as the flow of
a fluid. In this framework the gravitational field is encoded into the covector A which in turn
determines the Weyl connection Γ.
Let us stress that in EPS setting there is no freedom in choosing the connection associated
to the free fall. In EPS framework the free fall of particles is by construction described by the
connection Γ while the Levi-Civita connection of g plays just the kinematical role of reference
frame in the affine space of connections (which is moreover conformally covariant since one can
start from any representative of the conformal structure).
The extra degrees of freedom to determine Γ are thence encoded into the covector A which is
kinematically free to be generic. The dynamics of the theory determines then the connection Γ
fixing the covector A in terms of matter fields and g.
Of course Weyl geometries are affected by physical interpretation problems mainly related to
the (possibly non-trivial) holonomy of the connection Γ; see [1]. However, these problems arise
only if Γ is not metric while metric connections do not generate any physical problem of this
kind and have just to be interpreted correctly. We stress that in all f(R) models the connection
Γ turns out to be automatically metric, unless one introduces a matter Lagrangian in which
matter couples directly with the connection Γ.
In a forthcoming paper we shall investigate in detail the energy-momentum tensor in a Weyl
framework together with its conservation. In Weyl geometries one has two connections (Γ and
{g}), not just one as in standard GR. All derivations and theorems of standard GR need to be
generalized to Weyl geometry at least by specifying which is the relevant connection to be used.
This has to do also with determining which is the physical frame in f(R) models; see [18].
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